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Abstract

The Knapsack Problems are among the simplest integer programs.
Problems in this class are typically concerned with selecting from a set of
given items, each with a specified weight and value, a subset of items
whose weight sum does not exceed a prescribed capacity and whose
value is maximum.

In this research paper, we shall consider the application of
classical (0-1 knapsack problem with four constraints to selection of
television advertisements at critical periods such as prime time news,
news adjacencies, Break in News and peak times using the program
WINQSB. In the second part of this paper we treated with solution post
optimality (sensitivity analysis) by using principles of shadow prices and
reduce cost in the mode! above since real problems are often degenerate,
the output from conventional LP software regarding such marginal
information can be misleading. This paper surveys and generalizes known
results in this topic and demonstrates how true shadow prices and reduce
cost can be computed with or without modification to existing software [2].
Key words: Advertisements, integer programming Knapsack, Shadow
prices and Reduce costs.
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1.Introduction

Knapsack problems have been intensively studies since the
pioneering work of Dantzing [3] in the late 50°s, both because of their
immediate applications in industry and financial management, but more
pronounced for theoretical reasons, as Knapsack problems frequently
occur by relaxation of various integer programming problems. In such
applications, we need to solve a Knapsack problems each time a
bounding function is derived demanding extremely fast solution
techniques. The family of Knapsack problems all require a subset of
some given items to chosen such that the corresponding profit sum is
maximizing without exceeding the capacity of the knapsack(s). In the 0-1
Knapsack problems each item may be chosen at most once, while. The
multi-choice Knapsack problems occur when the items should be chosen
from disjoint classes. Sinha and Zoltners [4] proposed to use multi-choice
Knapsack problems to select which components should be linked in series
in order to maximizing fault tolerance.

Moreover Nauss[5 ] proposed to transform nonlinear knapsack
problems to multi-choice Knapsack problems. In the second category we
should mention that the 0—1 Knapsack problem appears as sub problem
when solving generalized assignment problem, which again is heavily

used when solving Vehicle Routing Problem ,G.Laporte[6].

2.Knapsack problems and analysis data

Suppose the producer of a TV programme wants to select among
numerous adverts for the prime time (news at 19:00 h GMT), which is
interspersed with five or six spots of adverts of not more than three
minutes each. It is self-evident that the optimal solution of the knapsack

problem above will indicate the best possible choice of investment [1].
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The objects to be considered will generally be called items and
their number by n. The value and size associated with the j th item will be
called profit (cost of Advert) and weight (duration of advert) respectively.

The traditional 0—-1 Knapsack Problem (KP) for this case can be
mathematically formulated through the following integer linear

programming

n

Zijj - Max (2.1)
j=1
subject to
n
wix; <W ,x € {01},j =1,n (2.2)
j=1

wherev; is value (cost of advert) and w; is the weight (duration of
advert) of the jth item respectively, , j = 1,n, and W is the maximum time
allocated for adverts.

If we know quantity of different adverts categories, costs and

weights in each category, the model above can be rewrite as:

m

ZZ v4x; — Max

i=1 j=1
n

Zwi,xﬁ sWhxe {01},i=Tm
j=1

Where (m) represented the quantity of categories,n;, i =1,m
categories of advertise in every category .

There are two basic methods for solving the 0-1 knapsack
problems (KP): Theses are Branch-and-Bound techniques have
frequently been applied to Knapsack problems since Kolesar [7], and

dynamic programming methods. However we uses the first method in
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software WINQSB to have been used to solve large scale problems. This
study was undertaken using data collected fromS.K.Amponsah [1].

TV is a public broadcaster which depends to the greater extent on
government subvention. Broadcasting Corporation is however mandated
to generate revenue to supplement the government subvention. To this
end TV has various ways of generating additional income. These include
sponsorship of programmes, social and funeral announcements,
advertisements among others. However, this research focused on
advertisements, which are slotted in the programmes schedules prepared
quarterly to generate additional income to sustain the operations of the
TV station. TV uses an arbitrary method in the selection. In this process
an advert is accepted if there is an available time without regard to
optimizing revenue. The category of adverts selection studied included:

¢ Prime time news (19.00 h GMT)

o News adjacencies (five minutes before and after
news at 12.00, 14.00, 19.00 and 22.30 h GMT)

e Other News time (12.00, 14.00, 19.00, 22.30 h GMT)

¢ Break in programmes (peak and off peak)

Table 1 shows the various rates for the different categories of adverts
at TV. For example Prime time News adverts for 15 sec costs $215 while
for 60 sec, the rate is $750. The rates are high for Prime time News and
news adjacencies. These are periods where most customers want their
adverts televised to reach a larger TV audience. The off peak rates are
low compared
with the peak periods. Customers usually request for a number of spots
for their adverts. Table 2 shows request received by TV for Primetime
News (19 h GMT). Customer 1 requested for
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Rates in $
Category(i =1,4) | 15 second 30 second 45 second 60 second
Prime times news (19h GMT) 215 375 562 750
News adjacencies 130 250 375 500
Break in news 135 244 362 525
Break in programme 91 160 220 360

two spots of adverts for fifteen sec each at prime time news. The cost of

. the two adverts is $ 430 (i.e., 215+215) as indicated in the value column.

The weight of this advert is

30 sec.

Table 1: TV adverts rates
Table 2: Prime time news adverts-19:00 h GMT

Advertise | Time in sec. | No.of spots Category (weight)(w/) | Cost $ (value) (v})
No. j requested
1 15 2 30 430
2 30 3 90 1125
3 45 1 45 562
4 15 1 15 214
5 30 3 90 1125
6 45 2 90 1124
7 60 1 60 750
8 30 2 60 750
9 45 2 20 1124
oaalall a3l / s dlaa
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10 15 1 15 215
11 15 1 15 215
12 30 1 30 375
13 45 2 90 1124
14 15 2 30 430
15 30 2 60 1125
16 45 2 90 1124
17 30 3 90 1125
18 30 3 90 1125
19 45 2 90 1124
20 60 1 60 750
21 45 1 45 562
22 15 1 15 215
23 15 1 15 215
24 15 1 15 215
25 30 2 60 750
26 30 3 90 1125
27 15 2 30 430
28 60 1 60 750
29 30 3 90 1125
30 15 2 30 430
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Additionally, customer number 5 requested three spots of 30
sec each, i.e. 90 sec (weight) with a cost of $1,125 (value). The total
time available for adverts at the prime time news is 20 min (i-e., 1200
sec) but the total time requested is 1710 sec. Other customers opt for the
News Adjacencies. This is 5 min before and after the prime time news at
19.00 h GMT. As shown in Table 3, the total time available is 10 min
(600 sec) but the customers requested a total of 810 sec. Table 4
depicts the weights and the values for the adverts requested for the
22:30 news time. The total time available is 600 sec but the customers
requested 720 sec.

Table 3: Adverts for news adjacencies —18:55 -19:00 and
20:00-20:05

Advertise No. j Time requested (weight)(w/ Cost $ (value)(v?)
1 30 260
2 45 375
3 15 130
4 90 750
d 60 500
6 60 250
7 90 750
8 15 130
9 15 130

oseladl aaall /iy Adaa
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10 30 250
11 30 260
12 60 500
13 45 375
14 15 130
15 15 130
16 15 130
17 60 250
18 30 260
19 60 500
20 30 260

Table 4: Adverts for Break in News at 22:30 Hours GMT

Advertlse No. j Time requested (weight) (w/’ Cost § (value)(v})
1 30 150
2 45 200
3 15 75
4 90 400
5 60 290
6 60 270
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7 90 400
8 15 75
9 15 15
10 30 150
11 30 150
12 60 290
13 45 200
14 15 15
15 15 15
16 15 75
17 60 270
18 30 150
19 60 290
20 30 150

Table 5: Break in programme adverts for peak time on week days

Advertise No. Time requested (weight)(w! Cost § (value)(v}

1 15 91

2 15 91

3 30 160
4 90 440
5 30 182
6 90 430

onalall aaadl / 5ilis Aas
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7 90 440
8 90 480
9 60 320
10 15 91

11 15 9

12 15 91

13 60 320
14 90 480
15 30 182
16 60 360
17 90 480
18 30 182

Finally the mathematical problem is formulated as knapsack optimization

problem:

4‘30x1‘1 + 1125x2'1 + 562x3’1 + 214‘x4‘1 + 1125x5,1 +
11245 + 7507, + 750%g + 1124 + 215250 +
215x11'1 + 375x12'1 + 1124‘x13‘1 + 430x14‘1 +

11255 + 124x46,1 + 11252473 + 1125x41g4 +
1124294 + 750x30,1 + 562X311 +215%551 +

215x331 + 215%241 + 750%251, +1125x261 +

4302571 + 750x2g1 + 1125%294 + 430x394 + 260x, 5 +

Yy
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375x,5 + 130x3, + 750x4; + 500x5, + 250x , +
750x;; + 130x55 + 130xg; + 250x15; + 260x;4 5 +
500x122 + 375132 + 130x145 + 130xy5, + 130x46 5 +
250%x177 + 260x15; + 50019, + 260x30, + 150, 5 +
200x;,3 + 75233 + 400x4 3 + 290x53 + 270x4 3 +
400x;,3 + 75xg3 + 75x93 + 150x193 + 150, 5 +
290x13,3 + 200x133 + 75%143 + 75%153 + 75x163 +
270x173 + 150x1g3 + 290x:93 + 150x203 + 91x; 4 +
91x2,4 + 160x3 4 + 440x4 4 + 182x5 4 + 480x¢ 4 +
440x7,4 + 480xg4 + 320x9,4 + ILxy04 + 912y 4 +
91x12,4 + 320x13,4 +480x14 4 + 182x;5,4 + 360x464 +
480x,7 4 + 182x,5 4 - max
subject to
30xy,1 +90xz; +45x31 + 15x,; +90x5, + 90x44 +
60x7,, + 60xg1 +90x9, + 15x104 + 15x44 4 +
30x12,1+90x131 + 30%141 + 60x51 + 90x1¢, +
90x17,1 + 90x1g1 +90x151 + 60x291 + 45x51; +
15%351 + 15%231 + 15X541 + 60x55, + 90x,4 4 +

30x27’1 + 60x23'1 + 90x29'1 +
30150,1 < 1200

oualall 23l / 5uilia Alae
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30x, 5 + 45%,5 + 15x3 5 + 750, 5 + 90xs5,
+ 60xg, + 60x7, + 90xg,
+15xg, + 30xy07 + 30%xy;,
+ 60x125 +45x135 + 15x14 7
+ 15-"""15,2 + 15x16,2 + 60x17‘2
+ 30x1g, + 60x49,
+ 30x59 2
< 600
30xy3 + 45,3 + 15x33 + 90x, 3 + 60xs5,3
4+ 60x53 + 90x73 + 15xg5 + 15x43
+ 30x493 + 302153 + 60x;23
+ 45x133 + 15X143 + 15%;53
+ 15%16,3 + 60x;73 + 30x4g3
+ 60x193 + 30x293
< 600
15%1 4 + 15254 + 30x3 4 + 90x, 4 + 3054
+ 90x64 + 90x74 + 90xg4 + 60x94 + 15x10 4
+15%11 4 + 15%154 + 60%13,4 + 90x14,4
+ 30x45,4 + 60x164 + 90x174
+ 30216 4
<600
Where

onalall aall /il Alas
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—-

1 if.jthadvertise of.ithcategory is selected ,i = T, m, m=4and
ny =30,n,-20,n3; = 20,n, = 18.

Otherwise

3.Results of the analysis

By using software WINQSB we obtained theresults for
the analysis of data from the Table 1 to § (Prime Time News,
news adjacencies, Break in News and Break in programme)are

shown below.

The optimal selection these adverts yielded $ 26,659.
From the Table 6, nineteen adverts were selected from the
30requested to give an optimal value of $ 15,503. The
selection for news adjacencies, the break in news, break in
programme and a peak period yielded $ 5,070, $ 2.860, $
3,350, respectively.

oadall sasll / il Alae
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Advert Category No. of adverts No. of adverts | Time availability | Optimal
requested selected (sec) | value $
Prime times 30 23 1200 | 15.379

news (19h GMT)

News 20 16 600 5,070
adjacencies
Break in news 20 17 600 2,860
Break in 18 13 600 3,350
programme
Total 26,659

Table 6: (Provide self-explanatory caption)
Adverts numbers which selected inCategories :

Prime times news:
{1,2,4,5,8,10,11,12,14,15,17,18,19,20,22,23,24,25,27,28,29,30}
news adjacencies : {1,2,3,4,7,8,9,11,12,,13,14,15,16,18,19,20}

break in news : {1,2,3,5,6,8,9,11,12,13,14,15,16,17,18,19,20}
break in programme : {1,2,3,5,6,8,10,11,14,15,16,17,18}

4.Sensitivity analysis (The solution with post optimality)
4.1.Shadow prices
In most elementary treatment of linear programming, such as
typically found in textbooks on Management Science and Operations
Research, the dual variables of an LP are interpreted as marginal values
of the right-hand side coefficients. As the latter often represent resources

of limited supply, such marginal values have come to be known as
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shadow prices. They indicate how much additional units of the
corresponding resources are worth. However, this equivalence between
dual variables and shadow prices holds only under the assumption of
non-degeneracy. Consider the following primal-dual pair of linear

programs:

maxcTx
Subject to

(P) Ax<b
x=20
min bTy
Subject to
(D) ATy=c
y=0

Where A is mxn,c € R",x € R",b € R™,y € R™

DEFINITION 1.

Denote the optimal objective value for (P), as a function of the right hand
side, by

v(b) = max{cTx|Ax < b; x > 0}

The set of feasible solutions and the set of optimal solutions to (P) by
X={x eR"Ax < b;x > 0)

X' ={x € X|c"x = v(b)}

Respectively; and the set of feasible solutions and the set of optimal
solutions to (D) by

Y={yeR™ATy >c;y = 0}

Y'={yeY|b"y =v(b)}

Oualall 2aell / yilis Al
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PROPOSITION 1 See[2]. v(b)is a non—decreasing, piecewise linear

concave function.

DEFINITION 2. The set of sub gradients for a concave function f: R™ —

Ris defined as
9f(b) = {y € R™|f(b+u) < f(b) +u’y, for allu € R™}

PROPOSITION 2 When v(b) is finite, 9v(b) = ¥*

DEFINITION 3 The directional derivative of a functionf:R™ — R at b in

the direction of u is defined as

f(b+tu) — f(b)
t

D,f(b) = Jim,
PROPOSITION 3 D,v(b) = min{u’yly € 9v(b)}

DEFINITION 4. For (P), the buying (or positive) shadow price of

constraint i is defined as

pi = Deqyv(D).
and the selling (or negative) shadow price of constraint i is defined as
pi = —D_.qyv(b)

Where e(i) is the ith unit vector. In other words, the
buying shadow price is the (instantaneous) rate of change in
v(b)for an increase in bi and the selling shadow price is the
negative of the (instantaneous) rate of change in v(b)for a
decrease in b; .

PROPOSITION 4

p{ = min{y;ly € Y}
p; = max{y;ly €Y'}
DEFINITION 5.

Onatall saall /0l Aae
¥1X



Multi choice knapsack problem, case study in optimal ....

For any LP, the incremental shadow price (p; + ) of constraint iis
defined as the instantaneous rate of improvement in v(b) with an
increase in §; the decremental shadow price (p; —) of constraint / is
defined as the negative of the instantaneous rate of improvement in
v(b)with a decrease in b/ In this sense, a negative incremental price or a
positive decremental price is the rate of deterioration of the objective
value as the right-hand side is changed. Note that whether an
improvement actually involves an increase or a decrease in the objective
value v(b) depends on the direction of optimization. For example, when
minimizing it is possible to incur an increase in v(b) by decreasing the
right-hand side of a less-than-or-equal-to constraint. The increase in
v(b) is a negative improvement. This gives a negative instantaneous rate
of improvement with a decrease in 4i By definition, the decremental
shadow price which is the negative of this rate comes out positive.
Although it may appear somewhat cumbersome at first sight, this

definition of shadow prices is necessary for consistency in the general

case.
Table 7 interpretation of shadow prices
Minimizing
Type of constraints Increase in v(b) Decrease in v(b)

S Dy + > 0

2 Di >0

e n+2>00rp~>0

Maximizing

sl 3301 £ 5lis Aone
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Type of constraints Increase in v(b) Decrease in v(b)
< pi—<0
z P +<0

= pi + <0orp—-<0

In our case study above the shadow prices for the constraint of the
total time available for adverts at the prime time news is (12.5) , That is
means if we increase the resource one unite , from 1200 sec. to
1201sec. the value of objective function improve (increase) by (12.5 $),
And the shadow prices for the constraint of the total time available for

adverts News adjacencies is (8.33), That is means if we increase the

‘resource one unite , from 600 sec. to 601sec. the value of objective

function improve (increase) by (8.33 $), And the shadow prices for the

residual constraints(3and4) are 4.5 and 6.067 respectively.

4.2.Reduce costs

In linear programming, reduced cost, or opportunity cost, is the
amount by which an objective function coefficient would have to improve
(so increase for maximization problem, decrease for minimization
problem) before it would be possible for a corresponding variable to
assume a positive value in the optimal solution. It is the cost for
increasing a variable by a small amount, i.e., the first derivative from a
certain point on the polyhedron that constrains the problem. When the
point is a vertex in the polyhedron, the variable with the most extreme
cost, negatively for minimization and positively maximization, is
sometimes referred to as the steepest edge.

It follows directly that for a minimization problem, any non-basic
variables at their lower bounds with strictly negative reduced costs are

eligible to enter that basis, while any basic variables must have a reduced
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cost that is exactly (. For a maximization problem, the non-basic
variables at their lower bounds that are eligible for entering the basis have
a strictly positive reduced cost. For the case where x and y are optimal,
the reduced costs can help explain why variables attain the value they
do. For each variable, the corresponding sum of that stuff gives the
reduced cost show which constraints force the variable up and down. For
non-basic variables, the distance to zero gives the minimal change in the
object coefficient to change the solution vector x.
For simplest if (x,, ....,x,), and (3, ....,¥,) is optimal for the
dual, then we know:
C1X1 + o+ CpXn = byyy + o+ by Y
Left-hand side: Maximal revenue
Right-hand side: }}; resources i(availibility of resource [) x(revenue
per unit of resource i)
In other words: Value of y;at optimal is dual price of resource i
Away from optimality, we have
C1X1 + o+ CpXyy < byyy + -+ by,
Left-hand side: current (suboptimal) revenue
Right—hand side:
Y.i resources i (worth of resource i),Solution is not optimal because
resources are not being fully utilized ,if (x, ...., x,,)is feasible (not
necessarily optimal) for the primal, and (y,, ....,,) is the corresponding
collection of dual values, then we know:

Current objective coefficient of x;
= (Left-hand side of dual constraintj) - (Right-hand side)
= (a1 + -+ amyy) - ¢

¢jis @ measure of revenue per unit (of activity j) So (all-y1 Cpooods
am;¥;j) is an imputed (implicit) cost per unit (of act. j) Also, yj is imputed
cost per unit of resource i in a unit of activity jif objective coefficient ofx;
(= cost — revenue, = reduced cost) is strictly negative, then revenue >

paalall aaxll [ ila dlasa
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cost, so it makes since to increase activity j — this is the pivoting process
of the simplex method. Associated with each variable is a reduced cost
value. However, the reduced cost value is only non-zero when the
optimal value of a variable is zero. A somewhat intuitive way to think
about the reduced cost variable is to think of it as indicating how much
the cost of the activity represented by the variable must be reduced
before any of that activity will be done, More precisely, the reduced cost
value indicates how much the objective function coefficient on the
corresponding variable must be improved before the value of the variable
will be positive in the optimal solution.

In our case study above the reduce cost (for example the non-
basic variable x4, advert No.3 in category 1 , is (-0.5) that is means if
that variable in optimal solution equal 1 , the value of objective function
worse (decrease) by (0.5), And the non-basic variable xg; advert No.6 in
category 1 , is (-1) that is means if that variable in optimal solution equal
1, the value of objective function worse (decrease) by (1), And the non-
basic variable x4, advert No.9 in category 4 , is (320) that is means if
that variable in optimal solution equal 1 , the value of objective function
improve (increase) by (320).

5. Conclusion

1. The amount of 26,659 obtained from adverts selected for the
four categories of adverts, is far in excess of the arbitrary selection
method used by GTV. The use of the software WINQSB is systematic

and transparent as compared with the arbitrary method.

2. Higher returns can be achieved by GTV by the use of this

software in their selection of adverts in the critical situations analyzed.

3. Marketing Managers/Programme Producers may benefit from

the proposed approach for selecting adverts to guarantee maximized

Cnalall 2aadl / 5aitia Daa
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profits for their TV stations. In an event where management may have to
include certain adverts for national interest these could be isolated before
selecting the others to compete for the limited time slots.

4.The concepts of marginal values and ranges have been
explained using the optimal solution,the use of both shadow prices and
reduced costs in sensitivity analysis has been demonstrated.

5. Sensitivity ranges have been introduced to provide validity
ranges for the optimal objective function value and optimal basis.

6. Although there is some benefit in predicting the effect of
changes in data, it has been shown that these indicators do have their
limits.
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